This article deals with free vibration of the variable cross-section (non-uniform) single-layered graphene nano-ribbons (SLGNRs) resting on Winkler elastic foundation using the Differential Quadrature Method (DQM).
Introduction
Graphene nanoribbons [1] [2] [3] are allotropes of carbon made up of narrow strips of graphene having a width less than 50 nm. Mitsutaka Fujita has the credit to introduce theoretical model of Graphene ribbons to analyze the nanoscale effect in graphene [4] [5] [6] . The structure of GNR manifest semi-conducting as well as metallic electronic structures having tunable band gaps. GNRs possess all most all the pecuiliar properties Graphene and carbon nanotube along with an additional property viz. tunable band gap. It has low noise, and high thermal and elec-*Corresponding Author: S. Chakraverty: Department of Mathematics, National Institute of Technology, Rourkela-769008, India; Email: sne_chak@yahoo.com Subrat Kumar Jena: Department of Mathematics, National Institute of Technology, Rourkela-769008, India; Email: sjena430@gmail.com trical conductivities which makes it an alternative of copper regarding integrated circuit systems. Potential application of GNRs include Field effect transistors, LED, Electroactive actuators etc. In this regards, accurate prediction of vibration characteristics of SLGNRs are very essential. For this purpose, various nonclassical continuum theories have been developed but the nonlocal elasticity theory of Eringen [7] is very popular.
Non uniform nanomaterials are very vital in reliable design of various nano devices. One can see several applications of nanomaterials viz. CNT reinforced structure in [8] [9] [10] [11] . Also, dynamical behavior of nanobeam, nano-ribbon, nanotube etc. can be found in [12] [13] [14] [15] [16] . In the last decades, many studies reported the behavior of non-uniform beams in different static and dynamic manners [17] [18] [19] [20] . Peddieson et al. [21] applied Eringen's nonlocal elasticity theory to study Euler-Bernoulli beam. The main output from the model is that MEMS scale devices would not exhibit nonlocal effects whereas nanoscale devices could. Wang et al. [22] applied analytical method to investigate vibration of Euler-Bernoulli and Timoshenko nanobeams. Here rotary inertia and transverse shear deformation were taken into account for Timoshenko nanobeam. One can see bending, buckling and vibration of beam incorporated with nonlocal theories in [23, 24] , and Eltaher et al. [25] applied finite element method to study vibration of Euler-Bernoulli nanobeams. Hashemi and Khaniki [26] analytically studied free vibration of a nonlocal nanobeam with variable cross-section.
During the past years, various elastic foundation models such as Winkler, Pasternak, and Flonenko -Borodich foundations have been introduced. It is worth mentioning that the Winkler foundation model was suggested in 1867 by Winkler which has become one of the first scenarios in this regard. Linear algebraic relationship between the normal displacement and the contact pressure [27] is assumed in the modeling of this foundation. This assumption makes it simple to get the closed-form solutions [28, 29] . On the other hand, it also gets a nonlinear behavior with fewer computations in comparison with other meth-ods [30] [31] [32] [33] [34] . One may see different studies on Winkler elastic foundation in important papers viz. [35, 36] . Finite and infinite beams on a Winkler support have been addressed by Auersch [37] . As regards, Eisenberger and Clastornik [38] studied the vibration and buckling of a beam resting on variable Winkler elastic foundation. Also, the dynamic behavior of infinite beam has been investigated by Ruge and Birk [39] . Next, Lee [40] studied the dynamic response of a Timoshenko beam subject to a moving concentrated mass. Huang and Thambiratnam [41] has used finite strip method to investigate deflection of plates having moving accelerated loads resting on Winkler foundation. Further, Oz and Pakdemirli [42] have also examined resonances of shallow beams with elastic foundations. Elastic foundations with Winkler-Pasternak problems may also be found in [43, 44] . It may be noted that structural problems with elastic foundation have also been solved by few other methods such as differential transform [45] , Rayleigh-Ritz [46] and Harmonic DQ [47, 48] .
Though some of the studies have been reported on Winkler elastic foundation, the current article for the first time predicate vibration characteristics of the single-layered graphene nano-ribbons with variable crosssection placed on Winkler elastic foundation.
Mathematical Formulation
In this study, Eringen [7] nonlocal theory is associated with Euler-Bernoulli beam theory. Here we have considered x coordinate along the length of the beam, y coordinate along the width of the beam and z coordinate from the midplane of the beam. One may express strain energy U as
where σxx is the normal stress, L is the length and A is the cross-section area. The strain-displacement relation may be given as
where εxx is the normal strain and w is the deflection function. Substituting Eq. (2) in Eq.
(1), one may obtain
where M = ∫︀ A zσxx dA, is the bending moment. In this study, the free harmonic motion is considered, i.e. w = w 0 (x) e iωt ,
where ω is the natural frequency of vibration. Using free harmonic motion in Eq.
(3), we may obtain the strain energy U as
The kinetic energy Tis given as
where ρ is the mass density and A is the area. Now the potential energy may be given as
where fe is the density of reaction force of elastic foundation and is defined as fe = kw w 0 . Here kw denotes the Winkler modulus of the elastic medium. Now by using Hamilton's principle t ∫︀ 0 δT − (δU + δV) dt = 0 and setting the co-efficient of δw 0 to zero, one may obtain the governing equation as
Based on Eringen's nonlocal elasticity theory [7] , nonlocal constitutive relation for EBT may be expressed as
where µ is the nonlocal parameter which can be expressed as µ = (e0a) 2 with e 0 and a denoting material constant and internal characteristic length respectively, I is the second moment of area and E is Young's modulus. By using Eq. (7) and Eq. (8), M may be expressed as
Since we have considered that characteristic width of the cross-section is varied exponentially along the length of the nanoribbon, so from [26] A(x) = A 0 e nx and I(x) = I 0 e nx (10) where n is the non-uniform parameter, I 0 and A 0 are the second moment of area and cross-section of nanoribbon respectively. Now by using Eq. (9) along with Eq. (10) in Eq. (7), one may obtain the governing equation in terms of displacement as
We will now introduce non-dimensional terms for easy computation viz.
and η = nL. Substituting the given non-dimensional terms in Eq. (11), we obtain the nondimensionalised form of the governing differential equation as
Differential Quadrature Method
Bellman and Casti [49] have the credit to introduce this technique for the first time. This is an efficient technique to solve both linear and nonlinear equation associated with any physical model. This method is undergone many modifications. In this study we are using Quan and Chang's [50] approach along with Chebyshev-Gauss-Lobatto grid points. For more details of this method one may refer Shu [51] . The derivatives of displacement function W(X) at a given discrete point i can be approximated as weighted sum of functional in the given domain as below.
where i = 1, 2, . . . , N and N is the number of discrete grid points.
Here A ij , B ij , C ij and D ij are called the weighting coefficients associated with first, second, third and fourth derivatives respectively.
Determination of weighting coeflcients
The weighting coefficient matrix A = (A ij ) can be computed by the following procedure.
For i ≠ j
One may note that the above weighting coefficients are obtained by using Lagrange interpolation polynomial as test function. After getting weighting coefficients of first order derivative, the weighting coefficients of higher order can be obtained as follows.
Application of boundary conditions
Let us now denote Now, the weighting coefficients of higher order derivatives for different edge conditions are given below.
Simply Supported-Simply Supported
{W ′ } = [A]{W} {W ′′ } = [A] {︀ W ′ }︀ = [A] [A]{ W} = [B]{ W} {W ′′′ } = [A] { W ′′ } = [A] [B] {W} = [C] {W} {W IV } = [A] {W ′′′ } = [A] [C] {W} = [D] {W}
Clamped-Simply Supported
{W ′ } = [A] {W} {W ′′ } = [A 1 ] { W ′ } = [ A 1 ] [A] {W} = [B] {W} {W ′′′ } = [A 2 ] { W ′′ } = [A 2 ] [B] {W} = [C] {W} {W IV } = [A] {W ′′′ } = [A] [C] {W} = [D] {W} Clamped-Clamped {W ′ } = [A] {W} {W ′′ } = [A] {W ′ } = [A] [A] {W} = [B] {W} {W ′′′ } = [A] {W ′′ } = [A] [B] {W} = [C] {W} {W IV } = [A] {W ′′′ } = [A] [C] {W} = [D] {W}
Clamped-Free
Substituting the value of Eq. (13) into Eq. (12), one may obtain generalized eigenvalue problem as
where S is the stiffness matrix and T is the mass matrix.
Numerical results and discussions
MATLAB program is used to solve Eq. 
Validation
To verify the correctness of present method, we have adopted two ways. Firstly, we consider the SLGNR with nonlocal parameter µ = 0 and non-uniform parameter η = 0. We compare our results of frequency parameter
with those available in the literature [35, 45] for different Winkler modulus parameter and are given in Tables 1-3 . Secondly, we consider the SLGNR as uniform and is not placed on any elastic foundation viz. η = 0 and Kw = 0. Validation of fundamental frequency parameters (λ) which are obtained by present method is accomplished by comparing with the results available in the literature [23] [24] [25] which are depicted in Tables 4. Again comparison of presnt results are achieved with [22] for different α = e0a L which are reported in Tables 5-8. These Tables 1-8 shows the evidence of correctness of present results with those available in the literature.
Convergence
Convergence of the prent study is explored by varying grid points with frequency parameters which are demonstrated in Figure 1 and in Tables 9-12. All the standard boundary conditions such as S-S, C-S, C-C and C-F are taken into consideration with L = 10, η = 1, µ = 1 and Kw = 10. From these results, it is very clear that convergence is achieving fast with an increase in a number of grid points and twelve grid points are sufficient to compute the desired results.
Effect of nonlocal parameter
The impacts of nonlocal parameters on frequency parameters are noted in this subsection. The nonlocal parameters are allowed to vary from 0 to1 nm 2 with an increment of 0.2. All the standard boundary conditions such as S-S, C-S, C-C, and C-F are taken into investigation with non-uniform pa-rameter (η) as 0.5, Winkler modulus parameter Kw = 50 and L = 10nm. All the tabular and graphical results are demonstrated in Figure 2 and Tables 13-16 . These results reveal that frequency parameters decrease with increase in nonlocal parameter except first fundamental frequency parameter of CF nanobeams and CC nanobeams possess having the highest frequency parameters among all other boundary conditions taken into investigation.
Effect of non-uniform parameter
This subsection deals with the variation of non-uniform parameter η on frequency parameters. The non-uniform parameters are allowed to vary from −2 to 2 with an increment of 1. Tables 17-20 and Figure 3 illustrate the response of frequency parameter with non-uniform parameter for all the standard edges and these computations are accomplished with µ = 1nm 2 , L = 10 and Kw = 500. One observation regarding the non-uniform parameters is that the frequency parameter decreases with increase in the nonuniform parameter and this decrease is more significant in case of higher modes.
Effect of aspect ratio
The effect of aspect ratio (L/h) is reported for all the standard boundary conditions for different (10, 20, 30, 40, 50) . Figure 4 and Tables 21-24 represent the response in term of the graphical and tabular results which are accomplished by taking µ = 1,Kw = 50 and . One important point is to note that frequency parameters with increase in aspect ratio for all the mode of all the standard boundary conditions except 1 st mode of C-F case, where it is just reverse.
Effect of Winkler modulus parameter
Effect of Winkler modulus parameter (Kw) on the first four frequency parameters has been studied. First four frequency parameters of all the classical boundary condi- tions such as SS, CS, CC and CF are given in Tables 25-28 for different Kw. In this table, µ = 1nm 2 , L = 20 and η = 0.5 are taken into consideration. Graphical results are depicted in Figure 6 where variation of first four frequency parameters with has been shown. In this figure, the value of (Kw) is given as 0, 50, 100, 200, 500, 1000. 
Mode Shapes
Proper understanding of mode-shapes is an essential aspect of vibrational characteristics which helps in designing various engineering systems like nanoelectromechanical system. In this regards, mode-shapes are plotted in Figures 6-17 for different modes of SS, CS, CC, and CF. Mode-shapes are demonstrated by taking, L = 10, µ = 1, Kw = 500 and grid points N = 100. These graphs are plotted by varying non-uniform parameter η as −2, 0 and 2. From these figures, we may note that the amplitudes of displacements are affected significantly by varying nonuniform parameters. 
Conclusions
Present investigation deals with the study of free vibration of variable cross-section single-layered graphene nano- Eringen's nonlocal theory is employed along with EBT for this study. The tabular and graphical results are obtained by solving the generalized Eigen value problem using MAT-LAB codes. The impacts of several scaling parameters such as the Winkler modulus parameter, non-uniform parameter, nonlocal parameter, and aspect ratio are studied. Following are the main observations.
• The frequency parameter decreases with increase in the non-uniform parameter and this decrease is more significant in the case of higher modes. • The Clamped-Clamped case possesses the highest frequency parameters whereas the Clamped-Free case possesses the lowest among all other types of boundary conditions. • The effect of the nonlocal parameter is more significant in higher modes. Frequency parameters decrease with increase in nonlocal parameter except fundamental frequency parameter of CF case. • Frequency parameters with increase in aspect ratio for all the mode of all the standard boundary conditions except 1st mode of C-F case, where it is just reverse. • The frequency parameter increases with increase in the Winkler modulus parameter and this increase is more significant in the case of lower modes. • The amplitudes of displacements are affected significantly by varying non-uniform parameters.
